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Abstract
In Gildener-S.Weinberg (GW) models of electroweak symmetry
breaking, the mass and alignment of the 125 GeV Higgs boson, H,
are protected by approximate scale symmetry. We show that, due
to spontaneous scale-symmetry breaking at the classical level, certain
cubic and quartic scalar couplings in the scalar potential must van-
ish. These scalar couplings can acquire values somewhat larger than
in the Standard Model at one-loop level of the Coleman-E.Weinberg
expansion. In a two-Higgs doublet model of the GW mechanism,
the triple-Higgs coupling λHHH typically is 1.5–3.0 times its stan-
dard model value, (λHHH)SM = M
2
H/2v
∼= 32 GeV. This corresponds
to σ(pp → HH) near its minimum value of 15–20 fb for √s = 13–
14 TeV at the LHC. The coupling λHH′H′ = O(M2H′/v), where H ′
is the heavier CP-even (or odd) Higgs boson. We also calculate the
quartic coupling λHHHH and find it to be several times larger than
its standard model value, (λHHHH)SM = M
2
H/8v
2 ∼= 0.0323. We con-
clude that searches at the LHC for new charged and neutral Higgs
bosons, expected below 500 GeV in this and similar models, are the
more promising path to testing them.
∗lane@bu.edu
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1. Review of the GWTwo-Higgs Doublet Model
This section reviews the Gildener-Weinberg mechanism for producing a model
of a naturally light and aligned Higgs boson in multi-scalar models of elec-
troweak symmetry breaking [1], and the highlights of the Lee-Pilaftsis two-
Higgs doublet model (2HDM) that employs this mechanism [2]. Readers
familiar with this material and/or those who want to concentrate on the new
features of Higgs boson self-couplings of this and related models can skip to
Sec. 2.
In 1976, E.Gildener and S.Weinberg (GW) proposed a scheme, based on
broken scale symmetry, to generate a light Higgs boson in multi-scalar mod-
els of electroweak symmetry breaking. In essence, their motivation was to
generalize the work of S.Coleman and E.Weinberg [3] to completely general
electroweak models, with arbitrary gauge groups and representations of the
fermions and scalars. What GW did not appreciate then — there was no
reason for them to — was that their Higgs boson was also aligned [4]. That
is, of all the scalars, its couplings to gauge bosons and fermions were ex-
actly those of the single Higgs boson of the Standard Model (SM) [5]. Like
the Higgs boson’s mass, its alignment is protected by the approximate scale
symmetry [6].
GW assumed an electroweak Lagrangian whose Higgs potential V0 has
only quartic interactions. With no quadratic nor cubic Higgs couplings and,
assuming that gauge boson and fermion masses arise entirely from their coup-
lings to Higgs scalars, the GW theory is scale invariant at the classical level.
This Lagrangian may, however, have a nontrivial extremum. If it does, it
is along a ray in scalar-field space and it is a flat minimum if the quartic
couplings satisfy certain positivity conditions. Thus, scale symmetry is spon-
taneously broken at tree level, and there is a massless (Goldstone) dilaton,
H, which GW called the “scalon”. Higgs alignment is a simple consequence
of the linear combination of fields composing H having the same form as the
Goldstone bosons w± and z that become the longitudinal components of the
W± and Z bosons; see Eqs. (7) below.
Importantly, scale symmetry is explicitly broken by the first-order term
V1 in the S. Coleman-E. Weinberg loop expansion of the effective scalar po-
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tential [3]: V0 + V1 can have a minimum at a specific vacuum expectation
value (vev) 〈H〉 = v and, then, MH and all other masses in the theory
are proportional to v. The GW scheme is the only one we know in which
the entire breaking of scale and electroweak symmetries is caused by the
same electroweak operator, namely, 〈H〉. Hence, the dilaton decay constant
f = v [7], which we take to be 246 GeV.
In 2012, Lee and Pilaftsis (LP) proposed a simple (and minimal) 2HDM
model of the GW mechanism employing two Higgs doublets [2]:
Φi =
1√
2
( √
2φ+i
ρi + iai
)
, i = 1, 2. (1)
Here, ρi and ai are neutral CP-even and odd fields. Their potential is
V0(Φ1,Φ2) = λ1(Φ
†
1Φ1)
2 + λ2(Φ
†
2Φ2)
2 + λ3(Φ
†
1Φ1)(Φ
†
2Φ2)
+ λ4(Φ
†
1Φ2)(Φ
†
2Φ1) +
1
2
λ5
(
(Φ†1Φ2)
2 + (Φ†2Φ1)
2
)
. (2)
All five quartic couplings are real so that V0 is CP-invariant as well. This
potential is consistent with a Z2 symmetry that prevents tree-level flavor-
changing interactions among fermions, ψ, induced by neutral scalar exchange [8]:
Φ1 → −Φ1, Φ2 → Φ2, ψL → −ψL, ψuR → ψuR, ψdR → ψdR. (3)
This is the usual type-I 2HDM [9], but with Φ1 and Φ2 interchanged; we
shall refer to this version of the model as the GW-2HDM.1
The potential V0 can have a flat minimum along the ray
Φ1β =
1√
2
(
0
φ cβ
)
, Φ2β =
1√
2
(
0
φ sβ
)
. (4)
Here φ > 0 is any real mass scale, cβ = cos β and sβ = sin β. The nontrivial
tree-level extremal conditions are (for β 6= 0, pi/2):
λ1c
2
β +
1
2
λ345s
2
β = 0, λ2s
2
β +
1
2
λ345c
2
β = 0, (5)
1This choice of Higgs couplings differs from LP’s choice of type-II [2]. It was made to
remain consistent with limits from CMS [10] and ATLAS [11] on charged Higgs decay into
tb¯; the data from these papers requires tanβ <∼ 0.5 for MH± <∼ 500 GeV. This suppresses
gg → A/H ′ → b¯b, t¯t, where A/H ′ is a CP-odd/even Higgs, relative to a heavy SM Higgs
boson H. See the discussion and references in Ref. [6].
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where λ345 = λ3 + λ4 + λ5. Scale symmetry is spontaneously, but not yet
explicitly, broken. The squared “mass” matrices of the CP-odd, charged, and
CP-even scalars are given by
M2S = −λSφ2
(
s2β −sβcβ
−sβcβ c2β
)
, (6)
where λH0− = λ5, λH± =
1
2
(λ4 + λ5) =
1
2
λ45, and λH0+ = λ345. All these
λS are negative to ensure non-negative eigenvalues of the matrices. The
respective eigenvectors and eigenvalues are:(
z
A
)
=
(
cβ sβ
−sβ cβ
)(
a1
a2
)
, M2z = 0, M
2
A = −λ5φ2;(
w±
H±
)
=
(
cβ sβ
−sβ cβ
)(
φ±1
φ±2
)
, M2w± = 0, M
2
H± = −12λ45φ2;(
H
H ′
)
=
(
cβ sβ
−sβ cβ
)(
ρ1
ρ2
)
, M2H = 0, M
2
H′ = −λ345φ2. (7)
The one-loop effective potential, presented in Ref. [2], is given by
V1 =
1
64pi2
[
6M4W
(
−5
6
+ ln
M2W
Λ2GW
)
+ 3M4Z
(
−5
6
+ ln
M2Z
Λ2GW
)
+M4H′
(
−3
2
+ ln
M2H′
Λ2GW
)
+M4A
(
−3
2
+ ln
M2A
Λ2GW
)
+2M4H±
(
−3
2
+ ln
M2H±
Λ2GW
)
− 12m4t
(
−1 + ln m
2
t
Λ2GW
)]
, (8)
where ΛGW is the GW renormalization scale (related to the Higgs vev v by
Eq. (40) in LP). The background field-dependent masses in V1 are
M2W =
1
2
g2
(
Φ†1Φ1 + Φ
†
2Φ2
)
,
M2Z =
1
2
(g2 + g′ 2)
(
Φ†1Φ1 + Φ
†
2Φ2
)
,
M2A = −2λ5
(
Φ†1Φ1 + Φ
†
2Φ2
)
,
M2H± = −λ45
(
Φ†1Φ1 + Φ
†
2Φ2
)
,
M2H′ = −2λ345
(
Φ†1Φ1 + Φ
†
2Φ2
)
,
m2t = Γ
2
t Φ
†
1Φ1, (9)
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where g, g′ are the electroweak SU(2) and U(1) gauge couplings and Γt =√
2mt/v1 =
√
2mt/v cos β is the Higgs-Yukawa coupling of the top quark. In
Eqs. (9), the CP-even part of Φi is the shifted field vi + ρi.
The nontrivial extremal conditions for V0 + V1 are [2]
∂(V0 + V1)
∂ρ1
∣∣∣∣
〈 〉
= λ1c
2
β +
1
2
λ345s
2
β + ∆t̂1/64pi
2 = 0,
∂(V0 + V1)
∂ρ2
∣∣∣∣
〈 〉
= λ2s
2
β +
1
2
λ345c
2
β + ∆t̂2/64pi
2 = 0, (10)
where 〈 〉 means that the derivatives of V0 + V1 are evaluated at the vacuum
expectation values of the fields, and
∆t̂i =
4
v4
[
2M4W
(
3 ln
M2W
Λ2GW
− 1
)
+M4Z
(
3 ln
M2Z
Λ2GW
− 1
)
+M4H′
(
ln
M2H′
Λ2GW
− 1
)
+M4A
(
ln
M2A
Λ2GW
− 1
)
+ 2M4H±
(
ln
M2H±
Λ2GW
− 1
)
− 12m4t
(
ln
m2t
Λ2GW
− 1
2
)
δi1
]
〈 〉
. (11)
For nontrivial extrema with β 6= 0, pi/2, these conditions lead to a deeper
minimum than the zeroth-order ones, (V0 +V1)min < V0β = V0(0)+V1(0) = 0.
This minimum occurs at a particular value v of the scale φ which, as we’ve
said, is identified as the electroweak breaking scale, v = 246 GeV. The vevs
of Φ1 and Φ2 are v1 = v cos β and v2 = v cos β, with tan β = v2/v1 as usual
in 2HDM.
The CP-odd and charged Higgs bosons’ masses receive no contribution
from V1 and, so, they are given by Eqs. (6,7) with φ = v. The CP-even
masses, however, receive important corrections from V1. The eigenvectors
H1 and H2 are
H1 = cδH − sδH ′ = cβ′ρ1 + sβ′ρ2,
H2 = sδH + cδH
′ = −sβ′ρ1 + cβ′ρ2, (12)
where β′ = β−δ, cβ′ = cos β′, etc. The angle δ measures the departure of the
Higgs boson H1 from perfect alignment, and it should be small. Furthermore,
the accuracy of first-order perturbation theory requires |δ/β|  1. Both
these criteria are met in calculations with a wide range of input parameters;
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Figure 1: Left: The CP-even Higgs one-loop mass eigenvalues MH1 and
MH2 , the tree-level mass MH′ =
√−λ345 v and the one-loop mass MH from
Eq. (13) as functions of λ3 = (2M
2
H± −M2H′)/v2. Here, tan β = 0.50 and
MH± = MA = 390 GeV corresponding to λ4 = λ5 = −2.513. The input
H ∼= H1 mass is MH = 125.0 GeV, the corresponding initial MH′ = 353 GeV
and λ3 = 2.966. MH′ vanishes at λ3 = 2M
2
H±/v
2 = 5.027. Right: The angle
δ = β − β′ measuring the deviation from perfect alignment of H1 and the
ratio δ/β for β = 0.4637.
they are illustrated in Fig. 1. From now on, we refer interchangeably to
the 125 GeV Higgs boson H1 or H, as clarity requires. Its mass is given
by [1],[2],[6]
M2H1
∼= M2H =
1
8pi2v2
(
6M4W + 3M
4
Z +M
4
H′ +M
4
A + 2M
4
H± − 12m4t
)
. (13)
In accord with first-order perturbation theory, all the masses on the right
side of this formula are obtained from zeroth-order perturbation theory, i.e.,
from V0 plus gauge and Yukawa interactions, with φ = v. As we see in Fig. 1,
the Higgs masses derived from the sum rule (13) and from diagonalizing the
one-loop mass matrix, MH0+ , are extremely close.
This formula can be used in two related ways. First, assuming that there
6
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Figure 2: The mass of the neutral Higgs S2 = H
′/A as a function of the
common mass of H± and the other neutral Higgs, S1 = A/H ′, from the sum
rule in Eqs.(13,14) with MH = 125 GeV. Note the considerable sensitivity of
MS2 to MH+ = MS1 when the latter is large. From Ref. [6]
are no other heavy fermions and weak bosons, it implies a sum rule on all
the new scalar masses in this GW-2HDM model:(
M4H′ +M
4
A + 2M
4
H±
)1/4
= 540 GeV. (14)
This result was obtained in Ref. [12] and used in Ref. [2] to constrain the
masses of new scalars. The smallness of δ in Fig. 1 and the magnitude of
Higgs couplings in Sec. 2 give us confidence that the one-loop approximation
is reliable. Still, we would not be surprised if the right side of the sum
rule (14) is 100 GeV more or less. The important thing is that the sum rule
tells us that new Higgs bosons should be found at surprisingly low masses.
The appropriate generalization of this sum rule holds in any GW model.
Thus, the larger the Higgs sector, the lighter will be the masses of at least
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some of the new Higgs bosons expected in a GW model. Second, as an
instructive example in this model, one might assume MH± = MA and search
for H2 ' H ′ near the mass MH′ determined by the formula.2 The sum rule
is illustrated in Fig. 2 for MH ∼= MH1 = 125 GeV and MH± = MA or MH′ ;
the mass of the other neutral scalar is plotted against MH± . The figure
shows that the mass of that scalar is very sensitive to small changes in MH±
when the latter is large. Thus, the sum rule should be used with caution
in designing searches for large values of MH± = MA/H′ . For this case with
MH′ diving to zero for large MH± = MA, using the eigenvalue MH2 of MH0+
seems a more reasonable way to estimate its mass; see Fig. 1.
2. Triple and Quartic Higgs Couplings
In GW models of electroweak symmetry breaking, the tree-level triple-scalar
couplings involving two or three of the Goldstone bosons H, z, w± vanish,
as do the quartic couplings involving three or four of them. This is unlike
any other multi-Higgs model. The reason for this, of course, must be scale
invariance of the tree-level Lagrangian, in particular, that the potential V0
contains only quartic couplings. But how does it work? We show how in
this section. Then we calculate at one-loop order the triple-scalar couplings
involving at least one H ∼= H1 and the quartic coupling λH1H1H1H1 .
The way to see simply why certain scalar couplings vanish is to write V0
in the “aligned basis”:
Φ = Φ1cβ + Φ2sβ, Φ
′ = −Φ1sβ + Φ2cβ. (15)
On the ray Eq. (4) on which V0 has nontrivial extrema, these fields are
Φβ =
1√
2
(
0
φ
)
, Φ′β =
1√
2
(
0
0
)
, (16)
where φ ∈ (0,∞) is a constant mass scale. Then, in terms of the tree-level
2This assumption is motivated by the fact that it makes the contribution to the T -
parameter from the scalars vanish even when λ-dependent corrections are included [13, 14].
8
mass-eigenstate scalars, the fields Φ, Φ′ are
Φ =
1√
2
( √
2w+
φ+H + iz
)
, Φ′ =
1√
2
( √
2H+
H ′ + iA
)
. (17)
Rewritten in terms of quartic polynomials in Φ and Φ′, Eq. (2) becomes (with
λ345 = λ3 + λ4 + λ5, etc.)
V0 =
[
λ1c
4
β + λ2s
4
β + λ345s
2
βc
2
β
] (
Φ†Φ
)2
+
[
(2λ2s
2
β + λ345c
2
β)− (2λ1c2β + λ345s2β)
]
sβcβ
(
Φ†Φ
) (
Φ†Φ′ + Φ′ †Φ
)
+
[
2(λ1 + λ2 − λ345)s2βc2β + λ3
] (
Φ†Φ
) (
Φ′ †Φ′
)
+
[
2(λ1 + λ2 − λ345)s2βc2β + λ4
] (
Φ†Φ′
) (
Φ′ †Φ
)
+1
2
[
2(λ1 + λ2 − λ345)s2βc2β + λ5
] [(
Φ†Φ′
)2
+
(
Φ′ †Φ
)2]
+
[
(2λ2c
2
β + λ345s
2
β)− (2λ1s2β + λ345c2β)
]
sβcβ
(
Φ′ †Φ′
) (
Φ†Φ′ + Φ′ †Φ
)
+
[
λ1s
4
β + λ2c
4
β + λ345s
2
βc
2
β
] (
Φ′ †Φ′
)2
. (18)
By virtue of its scale invariance, V0 is a homogeneous polynomial of degree
four:
V0 =
1
4
2∑
i=1
[
Φ†i
∂V0
∂Φ†i
+
∂V0
∂Φi
Φi
]
=
1
4
[
Φ†
∂V0
∂Φ†
+
∂V0
∂Φ
Φ + Φ′ †
∂V0
∂Φ′ †
+
∂V0
∂Φ′
Φ′
]
. (19)
Thus, V0 vanishes at any extremum, in particular for Φβ = (0, φ)/
√
2 and
Φ′β = (0, 0), the flat direction associated with spontaneous scale symmetry
breaking. We know that the conditions for the nontrivial extrema of V0 are
those in Eq. (5). It follows that the coefficients of (Φ†Φ)2 and (Φ†Φ)(Φ†Φ′ +
Φ
′ †Φ) terms in V0 vanish. It is easy to see why these coefficients, C1 and C2,
had to vanish. On the ray Φβ,Φ
′
β,
∂V0
∂Φ
∣∣∣∣
Φβ ,Φ
′
β
= 2C1Φ
†
β
(
Φ†βΦβ
)
, (20)
∂V0
∂Φ′
∣∣∣∣
Φβ ,Φ
′
β
= C2
(
Φ†βΦβ
)
Φ†β. (21)
9
Neither operator vanishes, hence their coefficients must. This would not
have happened had V0 also contained polynomials of degree less than four.
That is, spontaneously broken scale invariance is the reason for the vanishing
Goldstone boson couplings at tree level. And it is obvious that this analy-
sis using homogeneous polynomials of fourth degree generalizes to any GW
model of the electroweak interactions.
Using the tree-level extremal conditions, the nonzero coefficients in V0 are
simplified by using
2(λ1 + λ2 − λ345)s2βc2β = −λ345, (22)[
(2λ2c
2
β + λ345s
2
β)− (2λ1s2β + λ345c2β)
]
sβcβ = −2λ345 cot 2β, (23)
λ1s
4
β + λ2c
4
β + λ345s
2
βc
2
β = −2λ345 cot2 2β. (24)
Then,
V0 = −λ45
(
Φ†Φ
) (
Φ′ †Φ′
)− λ35 (Φ†Φ′) (Φ′ †Φ)− 12λ34 [(Φ†Φ′)2 + (Φ′ †Φ)2]
−2λ345 cot 2β
(
Φ′ †Φ′
) (
Φ†Φ′ + Φ′ †Φ
)− 2λ345 cot2 2β (Φ′ †Φ′)2 . (25)
From this, the masses in Eq. (6) may be read off from the first three terms.
With foreknowledge, we now put φ = v = 246 GeV. Then the nonzero cu-
bic terms terms in the tree-level potential, written in terms of mass eigenstate
scalars, are:3
V0(cubic) = −12λ45 vH [(H ′)2 + A2 + 2H+H−]
−1
2
λ35 v
[
H ′(HH ′ + zA+ w+H− +H+w−)
+A(HA− zH ′) + iA(w+H− −H+w−)]
−1
2
λ34 v
[
H ′(HH ′ + zA+ w+H− +H+w−)
−A(HA− zH ′)− iA(w+H− −H+w−)]
−λ345 cot 2β vH ′
[
(H ′)2 + A2 + 2H+H−
]
. (26)
3Of course, the electroweak Goldstone fields w±, z are absent in the unitary gauge, but
must be retained in renormalizable gauges.
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The quartic terms are:
V0(quartic) = −14λ45(H2 + z2) [(H ′)2 + A2 + 2H+H−]
−1
4
λ35
[
(HH ′ + zA+ 2w+H−)(HH ′ + zA+ 2H+w−)2
+(HA− zH ′) + 2i(HA− zH ′)(w+H− −H+w−)]
−1
4
λ34
[
1
2
(HH ′ + zA+ 2w+H−)2 + 1
2
(HH ′ + zA+ 2H+w−)2
−(HA− zH ′)2 − 2i(HA− zH ′)(w+H− −H+w−)]
−λ345 cot 2β
[
(H ′)2 + A2 + 2H+H−
] [
HH ′ + zA+ w+H− +H+w−
]
−1
2
λ345 cot
2 2β [(H ′)2 + A2 + 2H+H−]2 . (27)
Recall from Eq. (6) that −λ345 = M2H′/v2, −λ45 = 2M2H±/v2 and −λ5 =
M2A/v
2.
We turn to the one-loop corrections, focusing on the triple-scalar coup-
lings involving the 125 GeV Higgs boson, H ∼= H1 and the quartic coupling
λH1H1H1H1 . For brevity, we include only those cubic couplings of H1 with
itself and with H2. The H1AA and H1H
+H− couplings are qualitatively
similar to H1H2H2, as may be inferred from the tree-level cubics in Eq. (26)
and Table 1 below. There are two types of one-loop corrections: (1) those to
V0 obtained by writing the zeroth-order CP-even fields in terms of H1 and
H2, Eqs. (12), and by using the one-loop extremal conditions, Eqs. (10); (2)
those obtained from V1 in Eq. (8) by isolating the coefficients of H
3, H2H ′,
etc.
(1) With ρi shifted by vi, the cubic CP-even terms in V0 are:
V0(cubic) = λ1v1ρ
3
1 + λ2v2ρ
3
2 +
1
2
λ345 (v1ρ1ρ
2
2 + v2ρ2ρ
2
1)
= −λ345v
(
H(H ′)2 + (H ′)3 cot 2β
)− ∆t̂1
64pi2c2β
[
vcβ (Hcβ −H ′sβ)3
]
− ∆t̂2
64pi2s2β
[
vsβ (Hsβ +H
′cβ)
3
]
. (28)
Our convention for the triple and quartic Higgs couplings is that they are
the coefficients of H31 and H
4
1 , respectively. Then, the corrections to the
11
triple-Higgs couplings from V0 are:
4
λ
(0)
H1H1H1
= −λ345 v s2δ(cδ − sδ cot 2β)−
(∆t̂1c
2
β + ∆t̂2s
2
β) v
64pi2
, (29)
λ
(0)
H1H1H2
= +λ345 v sδ(2c
2
δ − 3sδcδ cot 2β − s2δ) +
3(∆t̂1 −∆t̂2) vsβcβ
64pi2
, (30)
λ
(0)
H1H2H2
= −λ345 v cδ(c2δ − 3cδsδ cot 2β − 2s2δ)−
3(∆t̂1s
2
β + ∆t̂2c
2
β) v
64pi2
. (31)
(2) To calculate the contributions to the triple-Higgs couplings from V1, it is
appropriate to use zeroth-order fields H and H ′. Then,5
λ
(1)
H1H1H1
=
1
6
∂3V1
∂H3
∣∣∣∣
〈 〉
, (32)
λ
(1)
H1H1H2
=
1
2
∂3V1
∂H2 ∂H ′
∣∣∣∣
〈 〉
, (33)
λ
(1)
H1H2H2
=
1
2
∂3V1
∂H ∂(H ′)2
∣∣∣∣
〈 〉
, (34)
where, again, 〈 〉 means that the derivatives are evaluated at the vacuum
expectation values of the fields. Write V1 as
V1 =
1
64pi2
∑
X
αXM
4
X
(
βX + ln(M
2
X/Λ
2
GW)
)
, (35)
where M2X = g
2
X(Φ
†
1Φ1 + Φ
†
2Φ2), except that m
2
t = Γ
2
t Φ
†
1Φ1 with Γt =√
2mt/v cos β. This m
2
t affects λ
(1)
H1H1H2
and λ
(1)
H1H2H2
. The constants αX ,
4The corrections to the λ345 terms involve cos δ and sin δ. We do not include δ-
dependence in the ∆t̂i terms because that would be a two-loop correction. Because δ
and δ/β are at most a few percent [6], the effect of including them in these terms is
negligibly small anyway.
5The derivatives in Eqs. (32–34) are equivalent to expanding V1 in powers of the oper-
ators H and H ′ and then extracting the coefficients of H3, H2H ′, etc.
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βX and g
2
X can be read off from Eqs. (8,9). Then we obtain:
λ
(1)
H1H1H1
=
v
16pi2
∑
X
αX
[
M4X
v4
(
βX +
13
6
+ ln
M2X
Λ2GW
]]
〈 〉
, (36)
λ
(1)
H1H1H2
=
3v tan β
16pi2
[
m4t
v4
(
5
2
+ ln
m2t
Λ2GW
)]
〈 〉
, (37)
λ
(1)
H1H2H2
=
v
16pi2
∑
X 6=t
αX
[
M4X
v4
(
βX +
3
2
+ ln
M2X
Λ2GW
)]
〈 〉
−3v tan
2 β
16pi2
[
m4t
v4
(
5
2
+ ln
m2t
Λ2GW
)]
〈 〉
. (38)
Typical values of the triple-Higgs couplings are given in Table 1 for two
sets of input Higgs boson masses.6 About 10–35% of λ
(0)+(1)
H1H1H1
comes from the
corrections to V0. The SM value of the triple Higgs coupling, (λHHH)SM =
M2H/2v
∼= 32 GeV, implies κλ = λ(0)+(1)H1H1H1/(λHHH)SM ' 1.5–3.0. This range is
fairly insensitive to reasonable inputs for MH and MA = MH± . Interestingly,
it corresponds to di-Higgs production rates σ(pp → HH) = 15–20 fb. This
is very near the minimum cross section for
√
s = 13–14 TeV at the LHC [15,
16, 17].
The V0 contribution to λH1H1H2 is small and the V1 contribution would
vanish were it not for the fact that m2t = ΓtΦ
†
1Φ1 contains a linear term in H
′.
On the other hand, the three contributions to λH1H2H2 listed in the table are
of normal size, that is, of order the tree-level λHH′H′ = M
2
H′/v, as can be
seen from the ratio λ
(0)+(1)
H1H2H2
/λHH′H′ . The interesting question of the effect
this large coupling has on the production rate of pp → H2H2 is beyond the
scope of this paper.
Finally, we calculated the V0 and V1 contributions to the four-Higgs coup-
6As mentioned in Sec. 1, (1) we take MH± = MA to minimize the T -parameter and
(2) the output value of MH′ is sensitive to the input MH when MH±,A >∼ 400 GeV.
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ling, λH1H1H1H1 . They are
λ
(0)
H1H1H1H1
= −1
2
λ345s
2
δ (1 + sδ cot 2β)
2
−(∆t̂1c
2
β + ∆t̂2s
2
β)
256pi2
, (39)
λ
(1)
H1H1H1H1
=
1
64pi2
∑
X
αX
[
M4X
v4
(
βX +
25
6
+ ln
M2X
Λ2GW
)]
〈 〉
. (40)
Numerical results are also listed in Table 1 and compared with the SM value,
(λHHHH)SM = M
2
H/8v
2 ∼= 0.0323. We look forward to the day when the
4H coupling will be put to experimental test, most likely via triple-Higgs
production.
MH ∼= MH1 MH′ (MH2) MH± = MA λ(0)+(1)H1H1H1 κλ
127 226 (260) 410 84.6 2.58
125 353 (359) 390 58.0 1.83
λ
(0)+(1)
H1H1H2
λHH′H′ λ
(0)
H1H2H2
λ
(0)+(1)
H1H2H2
λ
(0)+(1)
H1H2H2
/λHH′H′
2.5 207 297 401 1.94
2.3 507 523 624 1.23
λ
(0)
H1H1H1H1
λ
(1)
H1H1H1H1
λ
(0)+(1)
H1H1H1H1
µλ
0.0306 0.1222 0.153 4.59
0.0052 0.1184 0.124 3.83
Table 1: The input masses MH and MH± = MA, with MH′ from the
sum rule Eq. (13), and the eigenvalues MH1,2 of the CP-even mass matrix;
tan β = 0.50, and the misalignment angle δ = 0.0188 (0.0083) for input
MH = 127 (125) GeV. The triple-scalar couplings involving the Higgs boson
H at tree-level (λHH′H′ only), one-loop improved V0 (λ
(0)) and full one-loop
level (λ(0)+(1)), the latter compared to the Standard Model or tree-level val-
ues as indicated. Masses and cubic couplings are in GeV units and κλ =
λ
(0)+(1)
H1H1H1
/(λHHH)SM . The four-Higgs coupling is also listed for the mass in-
puts above and compared with its SM value in µλ = λ
(0)+(1)
H1H1H1H1
/(λHHHH)SM .
The SM couplings are computed using the input MH .
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Figure 3: The cross sections for
√
s = 13 TeV at the LHC for single Higgs
production processes in the alignment limit (δ → 0) of the GW-2HDM with
the dependence on tan β scaled out. Both charged Higgs states are included
in pp→ tH−. From Ref.[6].
In conclusion, we are aware that there are many theoretical studies of the
cubic and even quartic Higgs couplings — in the context of one-doublet mod-
els, multi-doublet models, models with extra singlet “Higgses”, and so on.
Indeed, many more studies than we can note here, and we apologize to their
authors for not citing them. At perhaps the simplest level, this is the problem
of the shape of the potential of the Higgs boson itself, specifically, what are
λHHH and λHHHH? One recent paper [18] studied a variety of new physics
scenarios, their effect on these couplings, and the prospect of distinguish-
ing them at the 14 TeV High Luminosity LHC (HL-LHC), the 27 TeV High
Energy LHC (HE-LHC) and the 100 TeV Future Circular Hadron Collider
(FCC-hh). These authors considered, inter alia, a Coleman-Weinberg-like
potential. Compared to the SM values, they found κλ = 5/3 and µλ = 11/3,
15
values similar to those in Table 1. If we accept their analysis of observability
at the upgraded LHC and the FCC-hh, the HE-LHC is needed to detect and
distinguish the triple Higgs coupling of the GW-2HDM and the FCC-hh for
the quartic coupling. This is a gloomy prospect.
Much more promising, in our view, are searches for the new charged
and neutral Higgs bosons that lie below ∼ 500 GeV. Their principal cross
sections at the 13 TeV LHC are discussed in Ref. [6] and displayed in Fig. 3.
Searches for H± → tb¯ at 13 TeV by ATLAS [11] and CMS [19] extend down
to MH± = 200 GeV, but do not yet have the sensitivity to reach σ(pp →
t¯H±) = 0.5 pb (0.07 pb) expected at 200 GeV (500 GeV) for tan β = 0.50
and B(H± → tb¯) = 1. CMS recently reported a search for a CP-even
or odd scalar ϕ with mass in the range 400 to 700 GeV and decaying to
t¯t [20]. Results were presented in terms of allowed and excluded regions of
the “coupling strength” gϕ = λϕt¯t/(mt/v) ≡ tan β in the GW-2HDM, and
for fixed width-to-mass ratio Γϕ/Mϕ = 0.5 to 25%. For the CP-odd case,
ϕ = A, with 400 GeV < MA < 500 GeV and all considered ΓA/MA, the
region tan β < 0.5 is not excluded. This is possibly due to an excess at
400 GeV that corresponds to a global (local) significance of 1.9 (3.5± 0.3)σ
for ΓA/MA ' 4%. Unless the limit on tan β in the GW-2HDM is pushed well
below 0.5, we believe that the data from Run 2 already in hand, or coming
from Run 3, or certainly from the HL-LHC, should be sufficient to discover
or exclude the new charged and neutral Higgs bosons.
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